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Abstract 

We study noninvasive measurement of stationary currents in mesoscopic sys- 
tems. It is shown that the measurement process is fully described by the 
Schrodinger equation without any additional reduction postulate and with- 
out the introduction of an observer. Nevertheless the possibility of observing 
a particular state out of coherent superposition leads to collapse of the wave 
function, even though the measured system is not distorted by interaction 

with the detector. Experimental consequences are discussed. 
PACS numbers: 03.65.Bz, 73.20.Dx, 73.23.Hk 
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According to the principles of quantum mechanics, a system in a linear superposition of 
several states undergoes a collapse to one of the states after measurement. More precisely, 
the density matrix of the measured system, p(t) = J2 nm \ n )Pm,n(m\ collapses to the statistical 
mixture, p(t) — ► J2 m \ m ) Pm,m(' r n\ ■ This is the von Neumann projection postulate [|IJ. Since 
both the measuring device (the detector) and the measured system are described by the 
Schrodinger equation, the question arises of how such a non-unitary process takes place. 
The problem becomes even more acute when the measured system is a macroscopic one || . 
Then the distortion due to interaction with the detector can be made negligibly small - 
noninvasive measurement — so that the collapse mechanism appears even more mysterious 
I- 

A weak point of many studies of the measurement problem is the lack of a detailed quan- 
tum mechanical treatment of the entire system, that is, of the detector and the measured 
system together. The reason is that the detector is usually a macroscopic system, the quan- 
tum mechanical analysis of which is very complicated. Mesoscopic systems might thus be 
more useful for study of the measurement problem. In this paper we discuss the measure- 
ment of stationary processes — dc currents — in mesoscopic systems by using the recently 
derived quantum rate equations for quantum transport [§-0. These equations applied to 
the entire system, allow us to follow the measurement process in great detail. 

Let us consider quantum transport in small tunneling structures (quantum dots). These 
systems have attracted great attention due to the possibility of investigating single-electron 
effects in the electric current [0]. Until now research has been mostly concentrated on single 
dots, but the rapid progress in microfabrication technology has made it possible the extension 
to coupled dot systems with aligned levels @||. In contrast with a single dot, the electron 
wave function inside a coupled dot structure is a superposition of electron states localized in 
each of the dots. The collapse of the wave function and its influence on the resonant current 
can thus be studied in these systems with a detector showing single electron charging of 
a quantum dot. Such a detector can be realized as a separate measuring circuit near the 



measured system |10| , |11 



A possible setup is shown schematically in Fig. 1. Two quantum dots, represented by 
quantum wells, are coupled to two separate reservoirs at zero temperature. The resonant 
levels Eq and E\ are below the corresponding Fermi levels. In the absence of electrostatic 
interaction between electrons, the dc resonant currents in the upper well (the detector) and 
the lower well (the measured system) are respectively 

y-(o) _ £o ,(o) _ r L r fl 

l 1 L + 1 R 

The situation is different in the presence of electron-electron interaction between the dots, 
Hint = Unoni, where n ,i are the occupancies of the upper and the lower wells and U is 
the Coulomb repulsion energy. If E + U > Ep, an electron from the left reservoir cannot 
enter the upper dot when the lower dot is occupied [Fig. 1 (c,d)]. On the other hand, the 
displacement of the level E\ is much less important, since it remains below the Fermi level, 
E\ + U < Ep. The upper dot can thus be considered as a detector, registering electrons 
entering the lower dot For instance, by measuring the detector current, Id, one can 



determine the current in the lower dot. The same setup can be used for measurement of the 
current in the coupled dot system shown in Fig. 2. 

The quantum transport in the structures described above is fully determined by evolu- 
tion of the density matrix for the entire system: ip(t) = [H, p], for H = H D + H s + H int , 
where Hp^ are the tunneling Hamiltonians of the detector and the measured system, re- 
spectively, and H int = Si Uinotii describes their mutual Coulomb interaction. n and rii are 
the occupancies of the detector and the dot i of the multi-dot system. Using this equation 
one can find the current in the detector (or in the measured system) as the time derivative 
of the total average charge Q(t) accumulated in the corresponding right reservoir (collector): 
I(t) = Q(t), where Q(t) = eTr[p R (t)}, and p R (t) is the density matrix of the right reservoir. 
It was shown 0|| that I{t) is directly related to the density matrix of the multi-dot system 
<j(t), obtained from the total density matrix p(t) by tracing out the reservoir states. One 
finds that the current in the detector or in the measured system is given by 

I(t) = ej:°c C (t)T { c\ (2) 



where a cc = (c|cr|c) and the sum is over states |c) in which the well adjacent to the corre- 
sponding collector is occupied. 1^ is the partial width of the state |c) due to tunneling to 
the collector. The density matrix cr^ obeys the following system of modified rate equations 



Vaa = i ^2 ^a.b(&ab ~ O&a) - & aa X, ^a^d + zl a cc^c^a , (3a) 
b(^a) d(^a) c(^a) 



®ab = i{Eb — E a )a ab + i \ ^ CT ab >Q b > b — ^ Q a a'0~a' 



b 



K b'(^b) a'(#a) 



-\°oh ( T ^d + r b^d\ + r Y a a'b' ( F a'-*a + Tv-b) • (3b) 

1 \d&a) d(^b) / Z a'b'^ab 

These equations were obtained from the many-body Schroodinger equation by integrating 
out the reservoir states, and assuming that the energy levels in the dots are not very close to 
the Fermi levels in the reservoirs. Here Qij denote hopping matrix elements of the tunneling 
Hamiltonian and a ba = o~* b . The width T a ^ b is the probability per unit time for the multi- 
dot system to make a transition from the state \a) to the state \b) due to the tunneling to 
(or from) the reservoirs, to interaction with the phonon bath, or to any other interaction 
generated by a continuum-state medium. The non-diagonal matrix elements are determined 
by Eq. (|5T5|), which resembles the optical Bloch equation supplemented with the last term. 
The latter contributes only for those one- electron transitions that convert at the same time 
the state \af) into \a) and the state \b') into \b). 

It follows from Eq. (0) that the current is determined by the diagonal elements of the 
density matrix o~(t). The non-diagonal elements ("coherences") influence the current via 
their coupling with the diagonal matrix elements (the first term in Eq. (|3a|)). This coupling 
is due to transitions among discrete states. In the absence of such transitions, for instance in 
the system shown in Fig. 1, the diagonal and non-diagonal matrix elements are decoupled 
in the rate equations. In this case the electron current is described by the classical rate 
equations. Note, this does not imply that the coherences vanish. 

Let us apply Eqs. (|3|) to the system shown in Fig. 1. For simplicity we disregard the 
spin degree of freedom. There are four available states of the device: \a) - both wells are 



empty; |6) - the upper well is occupied; \c) - the lower well is occupied; \d) - both wells are 
occupied. The rate equations for the diagonal matrix elements, obtained from Eq. (|3a|), are: 



o aa = -(r + T L )a aa + T a bb + T R a cc (4a) 

a bb = -(T + T' L )a bb + T a aa + T' R a dd (4b) 

6 C c = -T R a cc + T L a aa + 2T' a dd (4c) 

& dd = -(2T' + T' R )a dd + T' L a bb , (4d) 

which are supplemented with the initial condition, cr aa (0) = 1 and 06&(O) = cr cc (0) = <J dd (0) = 
0. 

The currents in the detector and in the lower well, Eq. (^[), are respectively /£>(£) /e = 
^oo~ bb (t) + T' a dd (t) and Is(t)/e = T R a cc (t) + T' R a dd (t). The stationary (dc) current corre- 
sponds to / = I(t — > oo). 

Solving Eqs. (|) we find in the limit r , T' ^> T LR , T' L R 

T R {T L + T' L ) In T 

sl t l + v l + 2T r > i s r i + rv w 

The measurement of the detector current Id can thus be considered as a measurement of the 
current in the lower well, Is- However, Is, Eq. @, is distorted by the detector [Ig ^ I s °\ Eq. 
(H)] since T' L ^ T^. Nevertheless, the distortion can be made negligibly small. Indeed, using 
the quasi-classical Gamow formula, Tl = exp(— 2S), where S = [2m(V — Ei)] l / 2 L 

and T\ = [2m/ Ei] 1 ' 2 ^, one finds 

T L ~2E 1 +b V-E 1 - {b) 
It follows that in the limit U/E 1 ^0 and U/(V - E x ) -> 0, the width T' L — ► T L . As a result 
Is — > i# , so that the measurement of Id can be considered as a noninvasive measurement 
of the current Is- 

In general, the measurement is a noninvasive one if the density matrix of the measured 
object does not depend on the detector parameters. One can easily see that this is precisely 



the case for the measurement discussed above. Indeed, by introducing the density matrix of 
the measured system, a(t), obtained by tracing out the detector states in ait), we find from 
Eq. (D in the limit T' L R -> T LjR 

<?aa = -F L Vaa + ^R&cc (7a) 

a cc = T L a aa -T R a cc (7b) 

where a aa = a aa + a b b and a cc = a cc + add- The detector parameters T and T' are thus 
canceled in the equation of motion of the measured system. This shows that a noninvasive 
measurement can be performed even if the measured system is not a macroscopic object 

II- 

Note that the attachment of the detector to the measured system can be considered the 
last step in the measurement process. Even though one still need to register the current in 
the detector's right reservoir, this additional process can be carried out without any further 
distortion of the measured system and even the detector. Indeed, the reservoirs are systems 
with continuum spectrum, described by the classical rate equations that, as we have seen, 
admit a noninvasive measurement. 

Consider now resonant transport in the coupled well (coupled dot) structure shown in Fig. 
2. For simplicity, we assume that the Coulomb repulsion inside the double-dot is very strong, 
so only one electron can occupy it |Tj|. First consider the case of E + Ui, E + U 2 > Ep. 
Then an electron cannot enter the detector whenever another electron occupies the double- 
dot. All possible states of the measured system and the detector are shown in Fig. 2. We 
assume from the very beginning that the distortion of the coupled-well parameters by the 
detector is negligibly small, i.e., R — > 0! — > Q. Using Eqs. @ we can write the 

corresponding rate equations for the density matrix 

a aa = -(r L + T )a aa + T a bb + T R a dd (8a) 
abb = -(r L + T )a b b + T a aa + T R a ff (8b) 
a cc = iVt(a cd - a dc ) + T L a aa + 2T' a ee (8c) 
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& dd = -iVL(a cd - a dc ) - T R a dd + 2^(7// (8d) 

cr ee = iVt(a ef - cT/ e ) - 2T' cr ee + T L a bb (8e) 

= -<n(a e/ - a /e ) - (T R + 2r> // (8f) 

o c d = itVcd + Kl{<Jcc - <?dd) ~ 7;F R cr cd + (r' + r'o)a ef (8g) 

d e/ = i(e + AC/)a e/ + itt(a ee - a ff ) - (T' + T'J + r fi /2) ( r e/) (8h) 

where e = E 2 — Ei and AC/ = C7 2 — C7i . The currents in the detector (Id) and in the double- 
dot system (I s ) are given by Eq. @: I D /e = r cr 66 +roCr ee +ro(7//, and I s /e = T R (a dd +a ff ). 
Solving Eqs. (H) we find 

i s = if {i - a4 0) /r ), i d /i s = r /2r L , (9) 

where 

j(°)/ e = 3_^? fio) 

5 7 e 2 + ry4 + fi 2 (2 + r fi /r L ) v ; 

is the undistorted resonant current in the double-dot system for a strong Coulomb repulsion 
PJT2|. Consider r ~ T f ~ Tq ^> T L R ,Q,e. In this limit the coefficient a in Eq. (|9[) is 



a = AU(AU + e)/(4r ) 2 . As a result, I s -> 4° } for AC/ < T . Thus, the measurement 
of the detector current can be considered as a noninvasive measurement of the double-dot 
current. Also, one easily checks that the density matrix of the double-dot system, <j(t), is 
decoupled from the detector in the limit T' LR — > T L R , Q' — > Q and AC/ — > 0. Indeed, one 
finds from Eq. (^) 

Oaa = -^L^aa + ^R^dd (lid) 

cr cc = iVt(a cd - a dc ) + T L a aa (lib) 
&dd = -iQ(&cd - &dc) - ? R a dd (11c) 
&cd = i^cd ~ iQ(a cc - add) - ^T R a cd , (lid) 

where a aa = a aa + a bb , o cc = a cc + <r ee , a dd = cr dd + a ff and a cd = o cd + a ef . 
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The above example shows that the behavior of the measured system is not distorted by 
the measurement, even if the system is in a linear superposition of different states, which 
affect of the detector in a different way (compare the states c and d, or e and / in Fig. 2) . 
Notice that the detector remains blocked, whenever an electron occupies any of the wells of 
the measured system. As a result such a measurement cannot single out the well in which 
an electron is located. 

Let us now increase the Fermi energy Ep, so that Eq + U2 < Ep < E + U\. In this 
case an electron from the left reservoir can enter the detector even when the second dot of 
the measured system is occupied (the states (d) and (/) in Fig. 2). As a result, the rate 
equations for a d d, &ff, P c d, & e f are changed. One finds 

& dd = -iVt(a cd - cr dc ) - (T R + T'o)add + ^o a f.f ( 12a ) 
& ff = -iQ(a ef - a fe ) - (T R + Yl)a ff + T'^ dd (12b) 

(Ted = it°cd + iQ{cr C c ~ crdd) - + K) a cd + ^Qo + r o)°"e/ ( 12c ) 

& ef = i(e + AU)a ef + iQ(a ee - a ff ) - -(T R + T' Q + 2T'^a ef , (12d) 



instead of Eqs. (pdf),(pj)-(|8h]). Such a modification does not affect the diagonal density 
matrix of the measured system, au(t), Eqs. ( |liaj )-( flTc| ). However, the rate equation for 
the non-diagonal density matrix element, a c d, is different from Eq. ( |lld|) . We obtain from 
Eqs. (ll2l) -(ll2dD for AU = 

a cd = iea cd - iVt{a cc - a dd ) - -T R a cd - -{Tla^ + T' a ef ) (13) 

Thus, the widths T' Q , Tq are not canceled out in the density matrix of the double-dot system, 
despite the fact that no parameter of this system is distorted by the detector. Moreover, 
the influence of the detector on the measured current, Is, is very strong. Indeed, take for 
simplicity Tq ~ T' . Then Is = ijp , where 

/« / e = L^! ( U ) 

81 e 2 T R /(T R + T' ) + T R (T R + T' )/4 + n 2 (2 + T R /T L ) 1 ; 

It follows from Eq. ( JTjj ) that I s for T' ^> Tl,r, fi, e. However, the current in the 
double-dot system returns to a previous (non-distorted) value, lf\ Eq. fllPf) , for Ep > 



Eo + Ui, Fig. 3. (We predict the same behavior of the current Is as a function of Ep if the 
detector is located near the second dot). 

The expected strong drop-off of the current Is for Eq + U\ > Ep > E + U2 can be 
interpreted as an "observation" effect, yet without an "observer". Indeed, this configuration 
of the Fermi level allows us, in principle, to distinguish a particular dot occupied by an 
electron, whereas other configurations do not. It is clear that this effect cannot be explained 
by an interaction between electrons inside the detector and the measured system, since the 
distortion of the measured system due to this interaction is negligibly small. Even if the 
distortion of the system cannot be totally neglected, the same distortion would also exist 
for Ep < E + U\ or Ep > E + U2, where no effect is expected. 

Actually, our quantum rate equations point to the origin of the observation effect. Con- 
sider first Eq. (pa[), describing the diagonal density matrix elements. One finds that for 
each transition a — > a' there exists the reverse a' — > a, which contributes with the opposite 
sign to the rate equation for a a > a i. Therefore the corresponding rates F cancel in the rate 
equation for a aa + <7 a v- As a result, the detector rates drop out from the density matrix 
when the latter is traced over the detector states (provided the rates of the measured sys- 
tem are not distorted by the measurement). However, the rates V are not in balance in the 
rate equation for non-diagonal density-matrix elements, Eq. (|3b|) . One easily finds that the 
negative contributions from the transitions (ab) —>■ {a'b) and (ab) — > (ah 1 ) have no positive 
counterparts (in contrast with the transitions (ab) —>■ (a'b')) [Q. This is precisely the case 
of measurement of a system in a coherent superposition when one of the superposed states 
can generate or prevent transitions between continuum and isolated states in the detector 
while the other state does not. As a result, the corresponding detector rates are not canceled 
in the density matrix describing the measured system, even though the distortion of this 
system is negligibly small. 

Although we concentrated in this paper on the measurement of currents in mesoscopic 
systems, we assert that the results are valid for the measurement problem in general. First, 
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consider the detector and the role of an observer. Since we found no dividing line between a 
microscopic and a macroscopic (classical) description, the detector need not be a macroscopic 
object. We require only the absence of transitions between discrete states, so that the 
diagonal and nondiagonal density matrix elements of the detector are decoupled. In this 
case the subsequent (noninvasive) interactions with an observer do not change the detector 
behavior, and therefore cannot influence the wave function collapse. It follows that the 
result of the measurement is not affected by the observer. 

With respect to measurements of systems in a linear superposition, we found that the 
measurement process is fully reproduced by the Schrodinger equation, written as quantum 
rate equations for the density matrix, without an independent projection postulate [|TJ. 
Indeed, one easily obtains from Eqs. (pTT|) , ([13|) that a cd — > for T' — > oo, so that the 
density matrix of the double-dot system collapses into the corresponding statistical mixture. 
Notice, however, that for a finite T' , the nondiagonal density matrix elements a c d, (Jdc do not 
disappear, but are only diminished. Therefore the damping of nondiagonal density matrix 
elements due to the environment does not necessarily lead to their elimination for t — > oo, 



as suggested in |T3]. 

Although the measurement process is described by the Schrodinger equation, the obser- 
vation paradox is still there. It appears that a very sensitive detector, far away from the 
measured system but still capable of observing different states from the linear superposition, 
would strongly affect the measured system. This situation resembles the EPR paradox, but 
some features are different. First, the above observation paradox appears as a stationary 
state phenomenon. Second, we do not need any special initial correlations between the 
electrons in the detector and the measured system. The most important difference is the 
possibility of influencing directly the measured current by switching the detector on (or off). 
Such a process can also be studied using our rate equations (0), describing time dependence 
of the density matrix, but special attention should be paid to the relativistic treatment jjTJ 
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FIGURES 

FIG. 1. The measurement of resonant current in a single-dot structure by another, nearby dot. 
All possible electron states of the detector (the upper well) and the measured system (the lower 
well) are shown. Also indicated are the tunneling rates (r), the left barrier height (V), barrier 
width (L), and width (Li) of the lower well. 

FIG. 2. The measurement of resonant current in a double-dot structure. The energy level of 
the upper dot (the detector) is above the Fermi level whenever an electron occupies one of the dots 
in the double-dot structure. O is the coupling between the dots. 

FIG. 3. Maximal current in the double dot structure I™ ax = Is{e = 0) as a function of the 
Fermi energy of the left reservoir adjacent to the detector. The detector does not distort any 
parameters of the measured system. 
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